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In conventional deformation analysis of geomaterials, the inﬁnitesimal and the ﬁnite deformation theories have been widely used. These
theories have been successfully implemented in several numerical methods, such as ﬁnite element method (FEM). As a result, it is now possible
to predict a wide variety of deformation behaviors of geomaterials. However, when dealing with large deformation problems using the framework
of the FEM, excess distortion of the FEM mesh may lead to instability of the calculation.
In this study, in order to solve large deformation problem of geomaterials, the smoothed particle hydrodynamics (SPH) method is used. The
method is a kind of particle method based on the mesh-free Lagrangian scheme, and is one of the promising numerical methods in the ﬁeld of
geotechnical engineering. The method can solve large deformation problems without mesh distortion. Moreover, it can handle the governing
equations and existing constitutive models for geomaterials based on a continuum mechanics. Therefore, this method can represent the entire
deformation process of a geomaterial from the small strain region to the large deformation region.
In this paper, ﬁrst, basic theory and formulation of the SPH method based on solid mechanics are summarized. Then, the result of a simple
calculation is shown to verify the accuracy of the spatial derivatives based on the theory of the SPH method. Also, simulations of simple shear
tests of both an elastic and elasto-plastic material are carried out and the obtained results are compared with theoretical solutions. Based on the
obtained results, calculation accuracy of the method is discussed. Finally, a series of slope stability analyses are carried out. The numerical results
obtained from the SPH method and the safety factors obtained from the Fellenius method are compared. The results indicated that the SPH
method is able to express the same tendencies of safety factor obtained from the conventional circular slippage calculations. Moreover, the SPH
method can evaluate both the deformation and stability simultaneously. Based on the series of validations and simulations, the effectiveness of the
SPH method is discussed from the point of view of geotechnical engineering.
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Inﬁnitesimal and ﬁnite deformation theories are used widely
in the conventional deformation analysis of geomaterials in
geotechnical engineering. These theories have been implemen-
ted successfully in several numerical methods, such as the
ﬁnite element method (FEM). The effects of pore waterElsevier B.V. All rights reserved.
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As a result, it is now possible to predict a variety of
geomaterial deformation behaviors. However, there are still
difﬁculties in large deformation analysis that make it difﬁcult
to solve the entire deformation process, from the initial state to
subsequent large deformations. In conventional methods such
as the FEM, numerical instabilities arise in the large deforma-
tion region due to mesh distortion. From an engineering
perspective, large deformation problems include important
issues such as slope failure and the lateral ﬂow of liqueﬁed
ground. To solve such problems, various numerical approaches
have been proposed, including Eulerian computational ﬂuid
dynamics (CFD) modeling and discrete modeling (e.g., the
discrete element method (DEM) of Cundall and Strack, 1979).
In ﬂuid dynamics modeling, it is not necessary to consider
mesh deformation, because the mesh is ﬁxed in space.
However, we must assume that the geomaterials are a
particular type of ﬂuid (Moriguchi, 2005; Moriguchi et al.,
2005). This approach is effective for ﬂow problems, but is
difﬁcult to use to solve static deformation problems. In
addition, it is difﬁcult to use constitutive models based on
solid mechanics, because the approach cannot easily handle the
stress/strain history of a material during deformation. Discrete
modeling uses an assembly of discrete elements, and is
inappropriate for dealing with constitutive models of geoma-
terials based on a continuum approximation.
As each numerical method offers advantages and disadvan-
tages, by utilizing the advantages of each technique the initial
small deformation and subsequent large deformations can be
solved separately using different simulation tools.
It remains a challenge to solve the entire deformation
process of a geomaterial continuously from the small strain
region to the large deformation region. Very useful informa-
tion (such as the failure zone, failure time, traveling distance,
and impact force) that facilitates the design of structures and
prevents disasters has been obtained by solving the entire
deformation process.
This study developed a technique for solving the entire
deformation process of a geomaterial continuously. As
mentioned, in geotechnical engineering, advanced constitu-
tive models based on continuum mechanics have already
been introduced and improved. Therefore, if it is possible to
use a single method to solve the entire deformation process
in the framework of continuum mechanics, it will not be
necessary to change the method for each problem. In
addition, it will be possible to apply a ﬂexible technique
to various problems, and easily determine the mechanisms
involved.
As a method to solve the entire deformation process, the
mesh-free method can be considered to have an effective
technique with the potential. The examples of mesh-free
methods include the material point method (MPM) (Sulsky
et al., 1995), the smoothed particle hydrodynamics (SPH)
method (Lucy, 1977; Gingold and Monaghan, 1977). The
MPM is intermediate between the Lagrangian and Eulerian
methods. This method can provide a large deformation
analysis with constitutive model (e.g., Zabala and Alonso,2011; Cuomo et al., 2013) and a seepage-deformation coupled
analysis (Higo et al., 2010).
The SPH method is based on a mesh-free Lagrangian
scheme, and is a promising numerical method in geotechnical
engineering as well as the MPM. The SPH method can solve
large deformation problems without mesh distortion. More-
over, it can handle the governing equations and existing
constitutive models of geomaterials, since it is based on
continuum approximation. Therefore, this method can repre-
sent the entire deformation process of a geomaterial. The
technique has already been used to solve many geotechnical
problems, and a number of interesting achievements have been
published (e.g., Maeda and Sakai, 2004; Bui, 2007; Pastor
et al., 2009; Sakai, 2009; Manenti et al., 2012).
Here, research examining slope stability and failure pro-
blems is introduced. Debris ﬂows are simulated using the SPH
method in a ﬂuid model (Haddad et al., 2010). The results
indicate that this method is a powerful tool for ﬂow problems.
However, it is difﬁcult to simulate the complex deformation
behavior of geomaterials because it is assumed that the
geomaterials are one-phase ﬂuid. Elasto-plastic constitutive
models have also been introduced into the method (Bui et al.,
2011). Slope stability has been simulated for homogenous and
non-homogenous slopes and slopes considering groundwater.
Comparing this method with the FEM and limit equilibrium
method (LEM), the method gave results very similar to the
FEM and LEM in terms of the safety factor and critical slip
surface. From an engineering perspective, it is necessary to
consider slope countermeasures or changes in the material
parameters. In addition, the analytical accuracy of the SPH
method was inferior to that of the other numerical methods.
Therefore, it is necessary to validate its accuracy for geotech-
nical problems.
This paper ﬁrst summarizes the basic theory of the SPH
method and formulates the SPH method based on solid
mechanics. Then, the result of a simple calculation is shown
to verify the accuracy of the ﬁrst derivatives based on the
theory of the SPH method. In addition, simple shear tests of
both elastic and elasto-plastic materials are simulated and the
results are compared with theoretical solutions. Then, a series
of slope stability analyses for different heights and material
parameters are carried out, together with analyses considering
countermeasures. The numerical results obtained with the SPH
method and the safety factors obtained with the Fellenius
method are compared. Based on a series of validations and
simulations, the effectiveness of the SPH method is discussed
from the perspective of geotechnical engineering.
2. Numerical method
2.1. Basic theory of SPH
In the SPH method, an object is expressed as an assembly of
particles. If the motions of the particles are solved individually,
the deformation behavior of the continuum cannot be repre-
sented by this technique. To treat an object as a continuum, a
unique interpolation theory is used. This interpolation theory
Fig. 1. An image showing the basic concept of the SPH method.
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kernel approximation, a bell-shaped distribution proﬁle is
estimated around a reference particle α.
The kernel approximations are based on neighboring parti-
cles β located at points xβ within the support domain κdh of a
smoothing function W for the reference particle α, which is
located at point xα, as shown in Fig. 1. Here, κd is a parameter
that determines the radius of the support domain and is
determined by the smoothing functions and h is the radius of
the inﬂuence domain. The radius of the support domain is
obtained by multiplying the radius of the inﬂuence domain h
by the parameter κd. κd is a parameter that is inherent in the
smoothing function W. The radius of the inﬂuence domain h is
obtained by multiplying the initial interparticle distance r0 by
the parameter βh. In the ﬁrst step of the interpolation, we deﬁne
a smoothed physical quantity 〈f(xα)〉 for the physical quantity f
(xα) at the reference particle α as follows (Liu and Liu, 2003):
f xαð Þ ¼ Z
Ω
f xβ
 
W xαxβ; h dxβ
¼
Z
Ω
f xβ
 
W r; hð Þdxβ ð1Þ
where Ω is the volume of the integral that contains xα and xβ
and r is the distance between xα and xβ. The smoothing
function W satisﬁes the following three conditions.(1) The normalization (unity) condition:Z
Ω
W r; hð Þdxβ ¼ 1 ð2Þ(2) The delta function property, which holds when the
smoothing length approaches zero:
lim
h-0
W r; hð Þ ¼ δ rð Þ ð3Þ(3) The compactness condition:
lim
h-0
Wðr; hÞ ¼ 0 when jxαxβj4κ dh ð4Þwhere deﬁnes the nonzero area of the smoothing function.
In the second step of the interpolation, the physical quantity
〈f(xα)〉 for reference particle α is expressed as the sum of the
distribution of the assumed physical quantities f(xβ) for eachparticle. Therefore, the physical quantity can be expressed in
terms of N discrete points:
dVβ ¼ m
β
ρβ
ð5Þ
where dVβ is the volume, mβ is the mass, and ρβ is the density
of the neighboring particles β. Eq. (1) is transformed via the
above equation as follows (Liu and Liu, 2003):
f xαð Þ ﬃXN
β
f xβ
 
W r; hð ÞdVβ
¼
XN
β
mβ
ρβ
f xβ
 
Wαβ ð6Þ
where Wαβ is the smoothing function that expresses the
contribution from the neighboring particles β to the reference
particle α. In this study, cubic spline function (Swegle et al.,
1994) is used as the smoothing function.
W r; hð Þ ¼ αd
2
3 16 rh
 2þ6 rh 3  0oro0:5hð Þ
4
3 1 rh
 3
0:5orohð Þ
0 horð Þ
8>><
>>:
ð7Þ
where αd is 2/h, 60/7πh2 and 12/πh3 in one-, two-, and three-
dimensional space, respectively, for the unity requirement.
Eq. (6) is the formula used to evaluate a physical quantity
via the SPH method. It is also possible to approximate the
spatial gradient of a physical quantity in a similar way, using
the spatial derivative of the smoothing function (Liu and Liu,
2003). The spatial derivative of Eq. (1) can be written as
∂ f xαð Þ 
∂xi
¼ 
XN
β
mβ
ρβ
f xβ
  ∂Wαβ
∂xi
ð8Þ
Furthermore, this equation can be transformed (Swegle
et al., 1994) as follows:
∂ f xαð Þ 
∂xi
¼ 1
ρα
XN
β
mβ f xαð Þ f xβ   ∂Wαβ
∂xi
ð9Þ
∂ f xαð Þ 
∂xi
¼ ρα
XN
β
mβ
f xαð Þ
ραð Þ2 þ
f xβ
 
ρβð Þ2
 !
∂Wαβ
∂xi
ð10Þ
where ρα is the density of the reference particle α.
Based on the two-step interpolation procedure, it is possible
to calculate any physical quantity and its special derivative.
2.2. SPH method for solid mechanics
The governing equations used in this study are based on
solid mechanics. The equations of continuity and motion can
be expressed as follows:
dρ
dt
¼ ρ ∂ui
∂xi
ð11Þ
dui
dt
¼ 1
ρ
∂σij
∂xj
þFi ð12Þ
JI
c
c
cIJf
cI
J
I
c
c
cIJf
JI c
Fig. 2. Return mapping algorithms. (a) Tension cracking treatment and (b) Stress-scaling back procedure.
Table 1
Analytical conditions used for validation.
Case 1 2 3 4
Total number of
particle
361 361 1444 1444
Range of analysis 0oxo1, 0oyo1
Function Two-variable function f¼sinπxsinπy
Interparticle distance 0.05 0.05 0.025 0.025
Parameter 1.2≦βh≦6
Focused region Center
region
Outer
region
Center
region
Outer
region
Focused quantity First derivative
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tensor and Fi is the external force vector. Applying the SPH
interpolation theories to Eqs. (8) and (10), the equations are
rewritten as
dρα
dt
¼ 
XN
β
mβ uβi uαi
  ∂Wαβ
∂xi
ð13Þ
duαi
dt
¼
XN
β
mβ
σαij
ραð Þ2 þ
σβij
ρβð Þ2
þCαβij
 !
∂Wαβ
∂xj
þFαi ð14Þ
where Cij is the sum of the artiﬁcial viscosity term (Monaghan
and Gingold, 1983) and the artiﬁcial stress term (Monaghan,
2000; Gray et al., 2001):
Cαβij ¼ δijΠiþ RαijþRβij
 
f αβ
 nAS ð15Þ
where δij is Kronecker’s delta, ∏i is the artiﬁcial viscosity, Rαij
and Rβij are the artiﬁcial stress tensors, f
αβ is the repulsive force
term and nAS is a constant. Using the results of Gray et al.
(2001), the parameter nAS can be set to 4. To introduce the
artiﬁcial viscosity and artiﬁcial stress, the numerical instability
and tensile instability are decreased (Swegle et al., 1995;
Balsara, 1995; Dyka and Ingel, 1995; Dyka et al., 1997). The
tensile instability, speciﬁcally the instability of the solution for
tension deformation, is one of the problems with the SPH
method for solid mechanics.
In this study, geomaterials are modeled as elastic or elasto-
plastic materials. Many types of elasto-plastic constitutive
model have been proposed. Here, three of these are used in
the deformation analysis of geomaterials. The ﬁrst is the
Drucker–Prager model (Drucker and Prager, 1952), in which
the shear strength of geomaterials is expressed using the
cohesion and internal friction angle. The second and third
constitutive models are the original (Roscoe et al., 1963) and
modiﬁed (Roscoe and Burland, 1968) Cam-clay models.
When the stress state of an elasto-plastic material is in a
plastic state, it varies with the yield function. However,
numerical errors can cause the stress state to exceed the yield
function. Therefore, it is sometimes necessary to correct the
stress state. This study adopts the two return mapping
algorithms, proposed by Chen and Mizuno (1990).
Fig. 2(a) illustrates the tension cracking treatment. If the
stress state exceeds the apex of the yield surface whichcorresponds to the following condition, we shift the hydrostatic
stress component to the corresponding hydrostatic pressure at
the apex by using the following equations:
σnij ¼ σnij 13 I1 κcαϕ
 
δij if αϕI1þκco0
σnij ¼ σnij if αϕI1þκcZ0
8<
: ð16Þ
where σnij and σ
n
ij are the stress tensors before and after
correction, respectively.
Fig. 2(b) illustrates the stress scale-back procedure. If the
stress state exceeds the yield function which corresponds to the
following condition, the deviatoric shear stress component is
reduced proportionally by the scale factor R, while the
hydrostatic stress component I1 remains unchanged, in accor-
dance with the following equation:
σnnij ¼ Rσnijþ 13 I1δij if αϕI1þκco
ﬃﬃﬃﬃ
J2
p
σnnij ¼ σnij if αϕI1þκcZ
ﬃﬃﬃﬃﬃ
J2
p
(
ð17Þ
where σnnij is the stress tensor after correction, and R is the scale
factor, given by
R¼ αϕI1þκcﬃﬃﬃﬃﬃ
J2
p ð18Þ
In this study, the Jaumann stress rate is used to consider the
inﬂuence of the spin motion of a rigid body.
3. Validation of smoothing function
The accuracy of the SPH method is validated with the
support domain radius κdh. The analytical conditions for the
yx
y
x
Fig. 3. Particle layouts and particles selected for validation. (a) Coarse layout (Cases 1 and 2) and (b) Fine layout (Cases 3 and 4).
h
Fig. 4. Error of the ﬁrst derivative for f¼sinπxsinπy.
H. Nonoyama et al. / Soils and Foundations 55 (2015) 458–470462validation are listed in Table 1. Four cases are considered:
Cases 1 and 2 have a coarse particle layout, and Cases 3 and 4
have a ﬁne particle layout. Fig. 3 shows the cases with coarse
and ﬁne particle layouts, together with particles in the center or
outer region selected for the validation. In these ﬁgures, 361
and 1444 particles are arrayed in a reticular pattern, and the
physical quantity for each particle is speciﬁed by a two-
variable function f¼sinπxsinπy. Applying the SPH interpola-
tion theories of Eq. (9), the values of the ﬁrst derivative are
calculated by varying the parameter βh determined the radius
of the support domain. The values of the mass and the density
are set equal to 1.0 for simpliﬁcation. The validation criterion
is an error for the ﬁrst derivative in the x direction obtained
from the analysis and theory, and is calculated as follows:
error¼
P			 XXaXa 			 100
N
ð19Þ
where X is the analytical solution, Xa is the theoretical solution,
and N is the number of particles selected.
Fig. 4 shows the results obtained in Cases 1 through 4.
Comparing the results at the center (Cases 1 and 3) and outer
(Cases 2 and 4) regions, the error at the center region isconsistently smaller than that of the outer region. This is
caused by the relatively small number of neighboring particles
in the support domain of the outer region, compared to the
center region. Next, comparing the results at the outer region
with coarse (Case 2) and ﬁne (Case 4) layouts, the error of the
ﬁne layout is smaller than that of the coarse layout. In addition,
comparing the results at the center region with coarse (Case 1)
and ﬁne (Case 3) layouts, both errors are small without
reference to the resolution. In Cases 1 to 4, the SPH method
seems incapable of correctly expressing the ﬁrst derivative
when the support domain is wide, since the ﬁrst derivative is
obtained from a wide range. In addition, if the radius of the
support domain is too small, the error has a large value, due to
the inﬂuence of the number of particles. Therefore, a support
domain radius in the vicinity of 2.0 should be appropriate.4. Numerical analysis
4.1. Simulation of a simple shear test of an elastic material
In the few studies that have reported the stress–strain relationship
using the SPH method with a constitutive model of geomaterials, it
is generally said that the analytical accuracy of the SPH method
was inferior to that of other numerical methods. That is why it is
necessary to validate the accuracy of the method.
A simple shear test of an elastic material is used to validate
the method. This simulation considers two cases to investigate
the effect of the Jaumann stress rate. By using the Jaumann
stress rate, the inﬂuence of the spin motion of a rigid body can
be considered. The calculated stress–strain relationships at the
center and corner of the elastic specimen are compared with a
theoretical solution. Fig. 5 illustrates the numerical model used
in the simulation. As the ﬁgure indicates, the specimen is a
square object (10 10 cm). In the SPH method, numerical
instabilities and errors tend to arise due to lack of calculation
points. Therefore, this simulation uses a virtual area surround-
ing the specimen. The solid lines denote the initial conﬁgura-
tion of the specimen, and the dashed lines denote the
conﬁguration after deformation. In the simulation, the virtual
H. Nonoyama et al. / Soils and Foundations 55 (2015) 458–470 463area is deformed forcibly with a constant displacement to
represent simple shear conditions, and the deformation of the
specimen is calculated. The parameters used in the simulation
are summarized in Tables 2 and 3. The velocities of the virtual
area vx are calculated with the following equation:
vx ¼ 0:10y ð20Þ
where y is the y-coordinate of the particles.
Under simple shear conditions for an elastic material, the
theoretical solution can be expressed in terms of the relation-Fig. 5. Numerical model (simple shear simulation).
Table 2
Analytical parameters (simple shear simulation of elastic material).
Number of particles including the virtual area 900
Initial interparticle distance r0 [cm] 1.0
Radius of the support domain κdh [cm] 3.0
Time increment Δt [s] 0.001
Density ρ [g/cm3] 1.5
Table 3
Material parameters (simple shear simulation of elastic material).
Shear modulus G [Pa] 10.0
Poisson’s ratio ν 0.30
xy
xy
Fig. 6. Stress–strain relationship in the elastic material (simple shear simulatioship between the shear stress τxy and shear strain γxy, given by
τxy ¼ Gγxy ð21Þ
where G is the shear modulus. This equation is the theoretical
solution without the Jaumann stress rate. A theoretical solution
with the Jaumann stress rate can be obtained by using the
Cauchy stress concept (Gotou, 1986; Kuroda, 1991).
τxy ¼ G sin γxy ð22Þ
Fig. 6 shows the calculated shear stress–shear strain relation-
ships at the center and corner of the specimen. For comparison,
the theoretical solutions are also described in this ﬁgure. The
solid and dashed lines denote the theoretical solutions, and the
plotted points indicate the results of the SPH method.
For the elastic material without the Jaumann stress rate, the
calculation is stopped at over 500% of the shear strain due to
numerical instability. However, the calculated result and theoretical
solution are in good agreement at both the center and corner of the
specimen at about 500% of the shear strain. On the other hand, for
the elastic material with the Jaumann stress rate, the calculation
continued beyond 500% of the shear strain. In addition, for the
elastic material with the Jaumann stress rate, comparable results are
obtained at the center and corner of the specimen at about 700% of
the shear strain. This conﬁrmed that the constitutive models work
well in the framework of the SPH method.
4.2. Simulation of a simple shear test of an elasto-plastic
material
A simple shear test of an elasto-plastic material is simulated
using three types of constitutive model: the Drucker–Prager
(Drucker and Prager, 1952), Cam-clay (Roscoe et al., 1963),xy
xy
n of elastic material). (a) Center of specimen and (b) Corner of specimen.
Table 4
Analytical parameters (simple shear simulation of elasto-plastic material).
Number of particles including the virtual area 900
Initial interparticle distance r0 [cm] 1.0
Radius of the support domain κdh [cm] 2.1
Time increment Δt [s] 0.0001
Density ρ [g/cm3] 1.5
c  
c
c
J
I
xy
xy
Fig. 7. Results of the Drucker–Prager model (Case 1). (a) Stress path and (b) Stress–strain relationship.
p
p
p
q
p
xy
xy
Fig. 8. Results of the Cam-clay model in the normal consolidation state (Case 2). (a) Stress path and (b) Stress–strain relationship.
Table 5
Material parameters (simple shear simulation of elasto-plastic material).
Case 1 2 3 4
Constitutive model Drucker–Prager Cam-clay Cam-clay Modiﬁed Cam-clay
Young's modulus E [kPa] 1000.0 – – –
Poisson's ratio ν 0.33 0.33 0.33 0.33
Cohesion c [kPa] 50.0, 100.0, 150.0 – – –
Internal friction angle ϕ [deg] 30.0 – – –
Compression index ~λ – 0.355 0.355 0.355
Swelling index ~κ – 0.0477 0.0477 0.0477
Initial void ratio e0 – 2.0 2.0 2.0
Stress ratio at failure Μ – 1.45 1.45 1.45
Consolidation yield stress pc[kPa] –
98.0, 196.0, 294.0
98.0, 196.0, 294.0 98.0, 196.0, 294.0
Initial mean stress p0[kPa] 98.0 68.6, 137.2, 205.8
H. Nonoyama et al. / Soils and Foundations 55 (2015) 458–470464and modiﬁed Cam-clay (Roscoe and Burland, 1968) models.
The simulation described in the previous section conﬁrmed
that the boundary conditions are unaffected to a certain level of
deformation when the virtual area is utilized. Therefore, the
measurement point for stress and strain is at the center of the
specimen. The calculated stress–strain relationships and stress
paths are compared with theoretical solutions. The numerical
conditions and numerical model corresponded with those of
the simulation discussed in the previous section. The para-
meters used in the present simulation are summarized inTables 4 and 5. As Table 5 indicates, three different cohesion
values are used in the Drucker–Prager model (Case 1). In
addition, three different values of the initial mean stress are
used in the Cam-clay (Cases 2 and 3) and modiﬁed Cam-clay
(Case 4) models. Cases 2 and 4 are used to simulate the normal
consolidation state and Case 3 is used to simulate the over-
consolidation state. This simulation does not consider the
Jaumann stress rate because the deformation of specimen is
small in comparison with the elastic analysis. In addition, the
effect of pore water pressure is not considered.
HBw
Fig. 11. Numerical model (slope stability analysis).
Table 6
Analytical parameters (slope stability analysis).
H. Nonoyama et al. / Soils and Foundations 55 (2015) 458–470 465Figs. 7–11 show the calculated stress paths and shear
stress–shear strain relationships, comparing the calculated
results and theoretical solution. The solid and dashed lines
denote the theoretical solutions, and the plotted points
indicate the simulated results. For the calculated stress paths
in Cases 2 to 4, the critical state lines obtained from the
Cam-clay and modiﬁed Cam-clay models are also compared
in the ﬁgures. In Cases 1 to 4, the stress paths and shear
stress–shear strain relationships obtained with the SPH method
are in good agreement with the theoretical solutions. There-
fore, by introducing constitutive models of geomaterials, it is
possible to represent the appropriate stress state with high
accuracy.Case 1 2
Material Cohesive
material
Cohesive-frictional
material
Slope angle i [deg] 45 45
Height of slope H [m] 12, 14, 15, 16, 18 25
Bottom of
embankment width
Bw [m] 70 70
Initial interparticle
distance
r0 [m] 0.25 0.25
Radius of the
support domain
κdh [m] 0.525 0.525
Time increment Δt [s] 0.0001 0.00014.3. Slope stability analysis
The slope stability was analyzed and the numerical results
are compared with the safety factors calculated using the
Fellenius method, one of the classical limit equilibrium
methods. We suppose there is no problem to use the Fellenius
method, because the slope that was targeted in this simulation
was simple shape and a homogeneous material. Also, the
purpose of using Fellenius method is not to obtain an accurate
safety factor but to obtain the tendency of the approximateq
p
Fig. 10. Results of the modiﬁed Cam-clay model (Case
p
p
p
q
p
Fig. 9. Results of the Cam-clay model in the over-consolidation stsafety factor. In this simulation, to match the analytical
condition of the Fellenius method, the residual strength is
set to the peak strength. Fig. 11 illustrates the numericalxy
xy
4). (a) Stress path and (b) Stress–strain relationship.
xy
xy
ate (Case 3). (a) Stress path and (b) Stress–strain relationship.
H. Nonoyama et al. / Soils and Foundations 55 (2015) 458–470466model. The slope is composed of a homogeneous material,
and has a simple shape. The slope angle is 45 deg, and as the
ﬁgure shows, the displacements at the top and toe of the slope
are checked. Tables 6 and 7 list the parameters used in this
simulation. As these tables indicate, two types of material are
considered: cohesive (Case 1) and cohesive-frictional (Case
2) material. In addition, different values of the slope height
(Case 1) and material parameters (Cases 2) are used. In this
simulation, the Drucker–Prager model is used. For theTable 7
Material parameters (slope stability analysis).
Case 1 2
Material Cohesive
material
Cohesive-frictional
material
Young's
modulus
E [kPa] 100000.0 100000.0
Poisson's
ratio
ν 0.30 0.30
Internal
friction angle
ϕ [deg] 0.0 20
Cohesion c [kPa] 50 50,40,30,20
Unit weight γ [kN/m3] 19.6 19.6
Dilatancy
angle
ψ [deg] 0.0 0.0
Fig. 12. Distribution of the maximum shear strain at different times (Case 1
(5)). (a) 1.0s, (b) 2.0s, (c) 4.0s, (d) 10.0s and (e) 50.0s.boundary conditions, the horizontal direction at the side
wall of the slope is ﬁxed, and the vertical direction is
free. The horizontal and vertical directions at the bottom of
the embankment are ﬁxed. Fixed boundary particles are
used to describe the walls. The Jaumann stress rate is
considered, but the effect of pore water pressure is not. In
this simulation, the isotropic stress corresponding to static
earth pressure is used as the initial stress, and then we apply
the gravity loading to the slope in addition to the static earth
pressure.
Fig. 12 shows the distributions of the accumulated max-
imum shear strain γmax ¼ ε1ε2ð Þ=2
 
at different times in
Case 1(5). Figs. 13 and 14 show the distributions of the
accumulated maximum shear strain obtained in two cases.
These ﬁgures show the results for 100 s after the displacement
at the top of slope converged. The safety factors were
calculated with the Fellenius method and the results are shown
in the ﬁgure titles. As explained above, boundary particles are
used for the walls, but are not shown in these ﬁgures. In addition,
the white solid lines denote the circular arc of the minimum safety
factor obtained with the Fellenius method. Fig. 15 shows the
relationship between the safety factor and the value obtained by
dividing the displacement δ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
δ2xþδ2y
q 
at the top and toe of
the slope by the height of the slope H.
With the cohesive material (Case 1), no shear zone appears
and δ/H is less than 2% when the safety factor exceeds 1.0,
while a shear zone develops when the safety factor is less than
1.0. When the safety factor is close to 0.9, shear strain is
observed, although no large deformation is observed. Speciﬁ-
cally, a crack formed at the crown of the slope and block
slippage was conﬁrmed in the cases with the smallest safety
factors. For a cohesive-frictional material (Case 2), when the
safety factor exceeds 1.0, a small shear zone can be seen and
δ/H is less than 2%, but large deformation does not arise.
Conversely, when the safety factor is less than 1.0, the
development of shear zone is conspicuous and the slope is
markedly deformed.
The results of the SPH and Fellenius methods showed
similar tendencies. In addition, while only the safety factor
can be obtained from conventional circular slippage calcula-
tions, the SPH method can evaluate not only the stability but
also the deformation. An interesting effect of deformation
can be seen in Case 1(3), in which the slope does not
deform, although the safety factor is less than 1.0. Accord-
ing to the results of this simulation, the SPH method
indicates a slightly more dangerous condition than the
conventional circular slippage calculation. Fig. 14 conﬁrms
that marked deformation occurs with a safety factor of 0.9.
Therefore, because the SPH method gives the same safety
factor tendencies as obtained with the conventional circular
slippage calculations, it is capable of predicting the defor-
mation, and can consider the deformation of geomaterials.
Therefore, the method can predict the deformation of
geomaterials with greater accuracy at the boundary between
safe and dangerous sides than the conventional circular
slippage calculation.
Fig. 13. Distribution of the maximum shear strain for Case 1. (a) Case 1(1)
(H¼12 m, Fs¼1.24), (b) Case 1(2) (H¼14 m, Fs¼1.01), (c) Case 1(3)
(H¼15 m, Fs¼0.91), (d) Case 1(4) (H¼16 m, Fs¼0.86) and (e) Case 1(5)
(H¼18 m, Fs¼0.75).
Fig. 14. Distribution of the maximum shear strain for Case 2. (a) Case 2(1)
(c¼50 kPa, Fs¼1.13), (b) Case 2(2) (c¼40 kPa, Fs¼1.01), (c) Case 2(3)
(c¼30 kPa, Fs¼0.88) and (d) Case 2(4) (c¼20 kPa, Fs¼0.75).
Fig. 15. Relationship between the safety factor and displacement (slope stability analysis). (a) Top of the slope and (b) Toe of the slope.
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Fig. 16. Numerical models (slope stability analysis considering counter-
measures). (a) Slope without any countermeasures (Case 1(5) of the previous
subsection), (b) Slope with soil removal work, (c) Slope with counterweight ﬁll
and (d) Slope with both countermeasures.
Table 8
Analytical parameters (slope stability analysis considering countermeasures).
Case 3 4
Material Cohesive material Cohesive-frictional
material
Slope angle i [deg] 45 45
Height of slope H [m] 18 25
Bottom of
embankment width
BW [m] 70 70
Initial interparticle
distance
r0 [m] 0.25 0.25
Radius of the
support domain
κdh [m] 0.525 0.525
Time increment Δt [s] 0.0001 0.0001
Table 9
Material parameters (slope stability analysis considering countermeasures).
Case 3
Embankment Counterweight ﬁ
Material Cohesive material Cohesive-frictio
Young's modulus E [kPa] 100,000.0 100,000.0
Poisson's ratio ν 0.30 0.30
Internal friction angle ϕ [deg] 0.0 30.0
Cohesion c [kPa] 50.0 50.0
Unit weight γ [kN/m3] 19.6 19.6
Dilatancy angle ψ [deg] 0.0 0.0
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Additional slope stability analyses were carried out, con-
sidering the effects of soil removal and counterweight ﬁll
countermeasures. Fig. 16 illustrates the numerical model. The
slope angle is 45 deg. As the ﬁgure shows, the displacements
at the top and toe of the slope are checked. The parameters
used in this simulation are listed in Tables 8 and 9. As these
tables indicate, both cohesive (Case 3) and cohesive-frictional
(Case 4) materials are considered. To consider the effect of
surface compaction, the internal friction angle of the counter-
weight ﬁll material is set to 30 deg. The boundary conditions
and initial stresses corresponded to those of the slope stability
analysis discussed in the previous section.
Figs. 17 and 18 show the distributions of the accumulated
maximum shear strain and the safety factors obtained with the
Fellenius method. The ﬁgures indicate that the safety factors
increased in the following order: no countermeasures, soil
removal work, counterweight ﬁll, and both soil removal work
and counterweight ﬁll. In addition, the white solid lines denote
the circular arc of the minimum safety factor obtained with the
Fellenius method. Fig. 19 shows the relationship between the
safety factor and the value obtained by dividing the displace-
ment δ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
δ2xþδ2y
q 
at the top and toe of the slope by the
height of the slope H.
For cohesive material with no countermeasures (Case 3(a)),
the development of a shear zone is conspicuous and the slope
deformed. In comparison, for the cases with cohesive material
with countermeasures (Case 3(b) to (d)), the shear zone does
not become more prominent and the displacements decrease
as the safety factor increase. In addition, for cohesive-
frictional material (Cases 4), the slope deformation is
reduced. In the cases with soil removal work (Case 4(b))
and counterweight ﬁll (Case 4(c)), the same safety factor is
obtained using the conventional circular slippage calcula-
tions. In the SPH simulation, however, the deformation
behavior is different. In the case with soil removal work
(Case 4(b)), the development of a shear zone is conspicuous
and the slope is deformed. By contrast, in the case with
counterweight ﬁll (Case 4(c)), the slope does not deform. The
safety factor is obtained from the equilibrium of force without
regard to the strain and the displacement in the circular4
ll Embankment Counterweight ﬁll
nal material Cohesive-frictional material Cohesive-frictional material
100,000.0 100,000.0
0.30 0.30
20.0 30.0
20.0 20.0
19.6 19.6
0.0 0.0
H. Nonoyama et al. / Soils and Foundations 55 (2015) 458–470 469slippage calculation. In the SPH method, the displacement is
considered. Therefore, the SPH method can be used to
evaluate the stability of a slope in complex scenarios, such
as simulations that include countermeasures. This demon-
strates that the SPH method is a powerful tool for slope
stability analysis.Fig. 17. Distribution of the maximum shear strain for Case 3. (a) Slope
without any countermeasures(Fs¼0.75), (b) Slope with soil removal work
(Fs¼0.87), (c) Slope with counterweight ﬁll(Fs¼0.90) and (d) Slope with
both countermeasures (Fs¼1.02).
Fig. 18. Distribution of the maximum shear strain for Case 4. (a) Slope
without any countermeasures(Fs¼0.75), (b) Slope with soil removal work
(Fs¼0.82), (c) Slope with counterweight ﬁll(Fs¼0.82) and (d) Slope with
both countermeasures (Fs¼0.92).
Fig. 19. Relationship between the safety factor and the vertical displacement (slope stability analysis considering countermeasures). (a) Top of the slope and (b) Toe
of the slope.
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The paper performed deformation analyses of geomaterials
using the SPH method. The following conclusions were
derived from the results.● The SPH method was validated. The error for the center
region was consistently smaller than that of the outer
region. This was caused by the relatively small number of
neighboring particles in the support domain of the outer
region, compared to the center region. In addition, an
appropriate support domain radius is about twice the initial
interparticle distance.● The simulation of a simple shear test demonstrated that it is
possible to calculate the appropriate stress state of a geomaterial
with a high degree of accuracy. In addition, the Jaumann stress
rate was successfully introduced into the calculation.● The SPH method was applied to slope stability analysis.
The results indicated that the method gave the same
tendencies for the safety factor obtained from conventional
circular slippage calculations, while simultaneously evalu-
ating both the deformation and stability. In addition, large
deformation behaviors of geomaterials were represented
successfully. Moreover, on considering a slope stability
analysis with countermeasures, it was inferred that the
technique is capable of predicting the deformation and
stability of slopes in complex situations, such as simulations
that include countermeasures. Hence, a variety of useful
information could be extracted from slope stability pro-
blems using this method.
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